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Abstract

Traditional methods for solving HJB equations face challenges, especially when dealing with high-dimensional spaces. However, deep learning
offers a promising approach to overcome these limitations. The HJB equation, named after William Rowan Hamilton, Carl Gustav Jacob Jacobi,
and Richard Bellman, provides a necessary condition for optimality. It is a partial differential equation (PDE) that characterizes the value function
of the control problem, essentially describing the evolution of the optimal cost as a function of time and state. Solving the HJB equation is crucial
for determining the optimal policy or strategy in various applications. However, as the dimensionality of the problem increases, traditional
numerical methods like finite difference methods or finite element methods become computationally infeasible due to the curse of dimensionality.
This is where deep learning techniques, particularly neural networks, come into play.
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the potential of deep learning in this domain [2].

Introduction
Another approach is the use of Reinforcement Learning (RL) techniques.
In recent years, the intersection of deep learning and the solution of ~ Reinforcement learning is a branch of machine leamning where an agent
complex mathematical problems has gained significant attention. One such learns to make decisions by interacting with an environment. In the context
complex problem is the Hamilton-Jacobi-Bellman (HJB) equation, which of HJB equations, the environment is defined by the dynamics of the control
plays a crucial role in optimal control theory and dynamic programming. ~ problem, and the agent aims to learn the optimal policy by maximizing a
The HJB equation is often encountered in economics, finance, robotics, and ~ cumulative reward. Deep reinforcement learning, which combines deep
engineering, where it describes the value of a control strategy in continuous- ~ learning with reinforcement leaming, has been successfully applied to solve
time optimization problems. Deep learning, a subset of machine learning, ~high-dimensional HJB equations. Methods like Deep Q-Networks (DQN) and
involves training neural networks to approximate complex functions. Neural ~ Policy Gradient methods have been used to approximate the value function
networks have shown remarkable success in various tasks, including image  and derive the optimal policy.
recognition, natural language processing, and game playing. Their ability
to approximate functions and handle high-dimensional data makes them
suitable candidates for solving high-dimensional HJB equations. The key idea
is to use neural networks to approximate the value function and subsequently
derive the optimal policy [1]

The combination of deep learning and HJB equations has also been
explored in the context of stochastic control problems. Stochastic control
problems involve randomness and uncertainty, making them more complex
than deterministic problems. The HJB equation for stochastic control
problems, known as the stochastic HJB (SHJB) equation, is a second-order
PDE. Solving the SHJB equation is challenging, especially in high dimensions.
Literature Review However, deep leaming techniques have shown promise in this area as well.

For instance, the Deep BSDE (Backward Stochastic Differential Equation)

One common approach is to parameterize the value function using method uses neural networks to solve the SHJB equation by approximating
a neural network and then train this network to satisfy the HJB equation. the solution of the corresponding BSDE. This method has been successfully
The training process involves minimizing a loss function that measures the applied to various stochastic control problems, demonstrating the versatility of
discrepancy between the neural network's output and the true solution of the ~ deep learning in this domain [3].

HJB equation. This loss function is typically defined based on the residual
of the HJE_S equation. By minimi_zing this residual, the neural network learns DiSCUSSiOﬂ
to approximate the value function accurately. Several methods have been
proposed to train neural networks for solving HJB equations. One approach
is the Deep Galerkin Method (DGM), which combines the traditional Galerkin
method with deep learning. The Galerkin method is a numerical technique
for solving PDEs by projecting them onto a lower-dimensional subspace. In
DGM, a neural network is used to represent the solution, and the Galerkin
projection is used to enforce the HJB equation. This method has shown
promising results in solving high-dimensional HJB equations, demonstrating

Despite these challenges, the potential benefits of using deep learning
to solve high-dimensional HJB equations are immense. Deep learning
techniques can handle high-dimensional data and complex nonlinearities,
making them well-suited for solving HJB equations in various applications.
Moreover, deep learning models can be trained offline and then used for
real-time decision-making, which is particularly valuable in time-sensitive
applications. The application of deep learning to solve HJB equations is not
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In conclusion, the application of deep learning to solve high-dimensional
HJB equations represents a significant advancement in the field of optimal
control and dynamic programming. By leveraging the power of neural
networks, researchers have developed innovative methods to approximate
the value function and derive optimal policies for complex control problems.
While challenges remain, the potential of deep learning in this domain is
undeniable. As research continues to progress, we can expect to see more
sophisticated and efficient algorithms that further enhance our ability to solve
high-dimensional HJB equations, opening up new possibilities in economics,
finance, robotics, and beyond.
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