Journal of

Maghsoodi and Neamaty, J Appl Computat Math 2019, 8:2

Applied & Computational Mathematics

Existence and Uniqueness of Asymptotically w-Periodic Solution for

Fractional Semilinear Problem

Maghsoodi S* and Neamaty A
Department of Mathematics, University of Mazandaran, Babolsar, Iran

Abstract

In this paper, we intend to show the fractional differential problem D;u(t) = A(t)u(t)+ f(¢,u(t)) , with condition
0<a<1, considered in a Banach space X, where A is a generator of evolution system U(t,s) and f is w-periodic limit

function, has a unique asymptotically w-periodic solution.
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Introduction

After the s-asymptotically w-periodic functions in Banach space
has been studied for the first time by Henriquez et al. [1], the existence
of such solutions for fractional equation was the focus of the attention
of the various authors [2,3].

For instance, Jia, et al. [4] studied the existence and uniqueness of
periodic solutions, s-asymptotically periodic solutions and other types
of bounded solutions for fractional evolution equation:

Diu(t)+ Au(t) = f(t,u(?)),

where D is the Weyl-Liouville fractional derivative of order a€(0,1)
and -A:D(A)cX>X is the infinitesimal generator of a C -semigroup
(T(t)) 0

By introducing the w-periodic limit functions by Xi [5], they
investigated the existence and uniqueness of asymptotically w-periodic
solutions for the following abstract Cauchy problems:

X (1) = Ax(0) + £ (t,x(1)),
x(0)=x,€X

teR,

teR",

where A infinitesimal generator of an exponentially stable C-
semigroup (T(t)),, and f is w-periodic limit in téR* uniformly for x in
bounded subsets of X.

In this paper, we consider the fractional semilinear problem:

x(8) = AO)x(@) + f(t,x(1)),

{ x(0)=x, € X, )
where teR*, where DY is the Riemann-Liouville fractional derivative
of order a€(0,1), and A(#):D,cX->X is a generator an evolution family

(U(t:8)) .o On X and f is w-periodic limit function and study the
existence and uniqueness of asymptotically w-periodic solution.

Jawahdou [6] studied the existence of mild solutions of fractional
semilinear integro-differential equation:

X (0) = AW(0) + £ (1x(0), [ ut,5.x(5)ds),

2

{ x(0)=x,€ X, @

where t>0,0<a<land A(#):D XX generates an evolution system U(t,s).

In section 4, we consider the problem (2) where f and u are
w-periodic limit functions and study the existence and uniqueness of
asymptotically w-periodic solution.

Preliminaries

In this section, we describe a few definitions and propositions that
are needed to achieve our result. Let (X,||.||) is a Banach space and
C,(R",X) the space consisting of bounded and continuous functions
from R* into X, endowed with the uniform convergence norm ||.|| .
Let:

GR,X)={fe Cb(R+=X)31ij% /(@)= 0},
PR, X)={feC,(R",X): fisw— periodic}.
Definition 2.1

A function feC,(R*,X) is said to be asymptotically w-periodic if
it can be expressed az f=g+h, where geP (R*,X) and heC (R",X). The
subspace of C,(R"X) consisting of the asymptotically w-periodic
functions will be denoted by AP (R*,X).

Definition 2.2

Let fe Cb(R*,X) and w>0, we call f w-periodic limit if
g(®) = lim,-«f(t + nw) is well defined for each teR*, where neN. The
collection of such functions will be denoted by P L(R*,X).

Remark 2.1: The function g is measurable but not necessarily
continuous. In the following, we describe some of theproperties of the
w-periodic limit function.

Proposition 2.1: If ff and f, are w-periodic limit and
g() = lim/f (¢ + mw) is well defined for teR", then the following

statements are true: [(a)]
L. f,+f, is w-periodic limit,
2. ¢fis w-periodic limit for every scalar c,
3. g(t+w)=g(t) for each teR*,

4. gis bounded on R*; moreover || g|.<|| f |l »
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5. f (t)=f(t+a) is w-periodic limit for each fixed a€R*.
Proposition 2.2: AP, (R*,X) is a Banach space.
Proposition 2.3: P L(R*,X) is a Banach space.

Proposition 2.4: Let feP L(R*,X) and g(¢) = lim,../ (t + nw) be
well defined for each reR*. If g(?) = lim,.f (¢ +7W) is uniformly on
R*, then fEAPW(R*,X).

Proposition 2.5: Let ¢:X>Y be a function which is uniformly
continuous on the bounded subsets of X and such that ¢ maps bounded
subsets of X into bounded subsets of Y. Then for all feP, L(R*,X), the
composition Theorem @o f:=[t > ¢(f(¢))] € P,L(R",X).

Proposition 2.6: Let (X,||.||) be a Banach space over the field K
where K=R or C. If a(t)e P,L(R",R) and f(t)e P,L(R",X) then
a(f(0) e PLR",X)-

Lemma 2.1: Let feP L(R*X) and (t ) € be a sequence with t >co
. 1[0,0) > X defined by £, (1)=f(t+1,). We

assume that f, — F uniformly on compact subsets of [0,0), then
FeP L(R"X).

as n>co. We denote

Proof: It is clear that F is continuous. The function fis w-periodic
limit function so we have g(¢) = lim,_./ (¢ + nw) well defined for each
teR" [7-10].

limf, (¢ +mw)=limf (¢ -+, +mw)=g(t+1,)=g, (1),t20.
For e>0 given, we select n €N such that:
[ F(s)=fls+2,)|[<e2

I/ +2, +mw)—g, (O)]<e&2,

seltt+w],
t>0,
for every m=n,. Hence for mzn, we have

|| F(t+ mw)—gln O || Ft+mw)— f(t+t, + mw)

I+ /41, + =g, O]

<g2+e2=¢.

We denote G(r) = g O=g(t+t), and G(t) well defined for each
teR, so that lim,.,.F (¢ + mw) =g, (t)=G(t) well defined for each teR",
which implies that F' e P“,L(Rﬂ)n( ).

The following definition is an alternating w-periodic limit function
in two dimensions.

Definition 2.3

A jointly continuous function f.R*xX->X is w-periodic limit in t€R*
uniformly for x in bounded subsets of X if for every bounded subset K of
X, {f(t,x):te R",x e K} isbounded and lim,_,..f (¢ + nw,x) = g(¢,x)
exists for each teR* and each x€K. The collection of such function will
denoted by P, L(R*xX,X).

Proposition 2.7 [13]. If fR*xX>X is w-periodic limit in teR*
uniformly for x in bounded subsets of X and f satisfies a Lipschitz
condition in x uniformly in t€R*, then g satisfies the same Lipschitz
condition in x uniformly in .

Proposition 2.8: Let fR*xX>X be w-periodic limit in teR*
uniformly for x in bounded subsets of X and assume that f satisfies a
Lipschitz condition in x uniformly in teR*:

/@)= s@y)I<Lifx=yl,

for all x,yeX and t€R*, where L is a positive constant. Let ¢:R*>X be
w-periodic limit, then the function F:R*>X defined by f(t)=f(t,(t)) is
w-periodic limit.

Existence of Asymptotically w-Periodic Solutions of the
Fractional Semilinear Problem

In this section, we first introduce more accurate conditions for
problem (1) and then we investigate the existence of asymptotically
w-periodic solution. We consider the fractional semilinear problem (1)
and A(t):D(A)cX~>X is a generator an evolution family (U(t)),.., on X
and (U(1)),.., satisfying [(a)] [11-14]:

1. U(t,t)=I for all teR, where I is the identity operator,

2. U(t,s)U(s,r)=U(t,r) for all t=s>r,

3. The map (t,s)~ U(t,s)x is continuous for every fixed x€X.
We consider the following hypothesis:

(H)) Evolution family (U(t,5)),.,s, is a uniformly continuous,
such that:

Uit+w,s+w)=U(t,s) for all
there exist M>0 and >0 such that:

t=s,
< —0(t=5) | o _ |(1-@) >
1U(t,s)||< Mexp [t—s]| for t>520.

(H,) The function f:R*xX->X is w-periodic limit in t€R* uniformly
for x in bounded subsets of X and f satisfies a Lipschitz condition in x
uniformly in teR*:

| f&x)= @IS x=yl,
for all x,yeX and teR*, where L is positive constant.
Definition 3.1

A continuous function x:R*>X is said to be a mild solution of (1),
if x to

x(@)=U(t,0)x, + ll"(a)j(:U(t,s)(t — )7 f(s,x(s))ds.

Lemma 3.1: We assume that H, is satisfied and that
fePL(R" xX,X) then

W)= [Ue5)t =) fs, (), isin AP.(R'.X) for teR-

Proof: We denote F(s)=f(s,x(s)). In view of Proposition 2.8, if
xeP L(R",X) then FeP L(R"X). So

limF (¢ + nw) = g(?),

n—ow

is well defined for each teR*. So the Proposition 2.1, there exists also
a positive constant k, so that || g || <|| F||,<k and g(t)=g(t+w). We
have that:

v(t +nw) = J.(:M"U(t +nw,s)(t +nw—s) " F(s)ds
= J:I U(t +nw,s +nw)(t + nw—s — nw)'"* F (s + nw)ds
= J.j U(t,s)(t - $) " F(s +nw)ds

= J-i‘p(t,s)(t —5)"“F(s +nw)ds + J.O[U(t,s)(t —5)"“F(s + nw)ds
=1,(t,n)+1,(t,n).

Next we will prove that I (1) is a Cauchy sequence in X for each
teR*. Let >0. For any peN, we observe that
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I(t,n+ p)—1,(t,n)= J._O(Hp)wU(t,s)(t —$)"*F(s+(n+ p)w)ds
- j_(’WU(z,s)(z —$)"F (s + nw)ds
= j:(':my(t,s)(t — )" F(s+(n+ p)w)ds

+£] U(t,s)(t— $)"(F (s + (n+ p)w)— F(s +nw))ds
= 13(t5n5p) + 14(t9n5p)'
Now, we consider the term 13(t,n,p)

—nw

| 1) |

—(n+p)w

IU@s) =5 F(s +(n+ p)w) || ds

<[ Mexp T 1—s [ 1—s " kds
(n+p)w

(n+p)w

<kM _[ exp *ds

w

<kM&exp ™.

We can choose N eN such that kM&exp"5”“'g‘g when n>N,.
Therefore | ,tnp)<e> whenever n=N, is uniformly for teR".

For n>N,, we consider I (,n,p)
1,(t,n,p)= jov U@,s)t - $)(F(s+(n+ p)w)— F(s +nw))ds
+£n?wU(f L)t =) (F(s +(n+ p)w) — F(s + nw))ds

=I;(t,n,p) + Is(t,n, p).
We consider the term I,(£,1,p)
0
| 15(t,n, p) |I< LNIW [U@s) [t =s || F(s+(n+ p)yw) = F(s +nw) || ds
<J‘° Mexn 2 11— s~ f—s[-9|| F _F d
<L exp [t=s|“|t—=s|"%| F(s+(n+ p)w) (s+nw)| ds
= jjluMexpfg“”) | F(=s+(n+ p)w)— F(=s+nw)||ds
= jf“’Mexp*"'“*Nl”’*” | F(s+(n =N, + p)w)—F(s+(n—N,)w)|| ds
< j(;”'”Mexp*“”l”’*” | F(s+(n=N, + pyw)— F(s +(n—N,)w)| | ds
Nyw —S(Nyw-s)
<[ Mexp | F(s+ (1= N, + p)w) - g(s) | ds
Nw ~5(Nyw-s)
+f " Mexp I F(s+(n = N,)w) - g(s) | ds,
for each SE[O,NI,W], we have:
Mexp ™| F(s +(n— N, + p)w) — g(s) |[< 2Mkexp """,
and
Nyw S(N _—
jo "2 Mkexp "M Vds = 2Mks(1-exp *M™),
since fEPWL(R*,X), for each sE[O,Nl,w], we have
limMexp """ | F(s +(n— N,)w) - g(s) =0,

n—ow

we have [|F(s+(m—N)w)—g(s)[<£2k, so by the Lebegue’s

Dominated Convergence Theorem, we deduce that:
lim j:“’Mexp‘”‘“"l”‘” | F(s+(n-N,)w)—g(s)|| ds = 0.

Also, we have

lim jON‘”Mexp*‘“Nl”‘*” | F(s+(n-N, + p)w)—g(s) || ds = 0.

Therefore, we can select N,eN (N,>N) such that ||L(t,n,p)||<e
whenever n=N, uniformly for teR*.

Now we consider the term I (t,n,p)
N
1 1(z,m, p) I< J:Wl NUEs) [ =57l F(s +(n+ p)w) = F(s +nw) || ds
<2kM J.:V] wexpfd('ﬂ ds
m —5(t+s)
<2kM J.N] eXp ds

<2UM[" exp Vs

Nypw
< 2kM Sexp M < 2¢,
uniformly for teR". Since
14,0+ p) =1, (&,m) IS 156, m, p) |+ 158 m, p) || + [ (2, m, ) |l
we deduce that

I 1,(z;n+ p) =1, (t,n)[|< 4¢,

when n > N,. Therefore I (£,n) is a Cuachy sequence. So we can denote
h(t) = lim,.l,(¢,n) for each teR". Note also A(?) = lim,./,(t,7)

uniformly for teR*.

Now consider the term I(tn). Since g is measurable,
jU(t,s)(t —5)""g(s)ds is well defined for each teR*.

For mw<t<(m+1)w, meN, we have
1 1

| 7,(2,m) —_[UU(Z,S)(Z —5)" g(s)ds || .[0 [U@s) £ =s]"(| F(s +nw) - g(s)]| ds
< J‘(:Mexp")‘“*” [t=s|"“|t=s["%| F(s+nw)—g(s) || ds
= J';wMexp"?“"‘" || F(s+nw)—g(s) | ds
+J./ exp* || F(s +nw) - g(s) || ds

H ptkenw _S(1-s)
SMZLW exp | F(s+nw)—g(s)| ds

k=0

(m+1yw

+MI exp " || F(s +nw) - g(s) || ds
M (ks lw —5(1-s)

:MZJ‘W exp [| F(s+nw)—g(s) | ds
)

For each se€[0,w], we have [im,.. | F(s+nw)—g(s)| ds=0 and

|| F(s +nw)— g(s)|l< 2k - By Lebesgue’s Dominated convergence
Theorem, we obtain

lim| || F(s +nw) —g(s) | ds =0.
For &>0. There exists N,€N such that:

J.Ow | F(s+nw)—g(s)|lds <e,
when n > N,. For any i€N, we have:

[T 1RG4 mw) = g(s) 1 ds = [ 1| F s+ iw nw) = g (s +w) | ds
= jo"'n F(s +iw+nw)—g(s) || ds < &,
when n > N,. Therefore
Lt.n) - [Ut,s)(t —5)“ g(s)ds € MY exp g
11,(6,m) - | g P
k=0
<Mel—exp™,

when 7 > N, uniformly for teR*. Therfore:
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tim/, (1) = [[U )t =)'~ g(5)ds,

n—w

Now we have:

limv(t + nw) = lim/, (¢,n) + limI, (¢,n)

n—ow n—w n—ow

= h(t)+ I;U(t,s)(t —5)"“ g(s)ds,
uniformly for teR*. by Proposition 2.4, we get ve AP, (R, X) .

Theorem 3.2: We assume the hypothesis (H ) and (H,) are satisfied.
If ML <T(a)d, then there exists a unique asymptotically w-periodic
mild solution of problem (1).

Proof: We define the nonlinear operator A by the expression:
t
(Ap)(®) = U(t,0)x, + 1I'(ex )LU (t,5)(t =)™ f (5,0(s))ds

=U(1,0)x, + I (@)Y p)(2),
where

(P9)(0) = [Ult.)t ~)"* f(s.0(5))ds.
According to the hypothesis
U(t+w,0+w)=U(t,0),

so U(t,0)x,e P(R",X)c AP (R",X) .

According to the lemma 3.1 the operator y maps AP (R*,X) into
itself, therefore the operator A maps AP, (R*,X) into itself.

We have

[ (A@)D = (Ay)0) [= 1T (@) | [U (1)1 =) (1 (5.0() = S (5.9 () |
SID@)[]1UGS) 11517 S (5.0() — /(s () ds

SLE@], 1U@Es) =51l p(s) = (s) | ds

< LMT(@)fjexp ™ [ pls) =y (s) | ds

< LMT(@)[jexp™ g~y .

<LMT(a)(1-exp S| o-w .
<IMT(@)S |l o-v ..,

hence we have
lAp-Ay | .S LMT(@)s |- |, -

Which proves that A is a contraction and we conclude that A has a
unique fixed point in AP (R*,X). The proof is complete.

Existence of Asymptotically w-periodic Solutions of the
Fractional Semilinear Integro-differential Equation

In this section, we examine the existence of a solution for problem
(2) by generalizing the items raised in the previous section. We consider
the fractional semilinear integro-differential eqn. (2) that X is separable
Banach space.

By generalizing the definition of P L(R*xX,X) to three dimensions,
we have the following definition.

Definition 4.1

A continuous function fR*xXxX->X is w-periodic limit in
teR* uniformly for (x,y) in bounded subsets of XxX if for every
bounded subset K of XxX, {f(t.x,y):t€R*(x,y)€K} is bounded and
lim, e f (¢ + nw,x,y) = g(t,x,y) exists for each teR* and each (x,y)eK
the collection of such functions will be denoted by P L(R*xXxX,X)

Now, we assume that the following hypothesis satisfy

(H)A(x,y):R*xXxX>X satisfies the caratheodory type conditions,
i.e, flx,y) is measurable for (x,y)eXxX andf(t,...) is continuous for a.e,
t=0 and f is w-periodic limit function in t€R* uniformly for (x,y) in
bounded subsets of XxX.

(H,) u(ts,x):R*xR*X->X is continuous. u is w-periodic limit and
lim—o2(¢ + nw, s,x)ds = v(¢,s,x) uniformly in t€R* and the function
y(t) with definition Y(r)= J.’u(t,s, x(s))ds is bounded.

0
Remark4.1: uis w-periodiclimit so lim,_.(¢ +nw,s,x)ds = v(t,s,x)

exists and uniformly for each teR*, so we have

t t t
1imJ. u(t +nw,s,x)ds = _[ limu(t + nw, s,x)ds = I v(t,s,x)ds.
n—090 05500 0

Since v(t,s.x) is measurable, I(:v(t,s,x)ds well defined for each
teR*. Therefore J.tu(t,s, x)ds is w-periodic limit.
0
Definition 4.2

A continuous function x:R*>X is said to be a mild solution of (2),
if x satisfies to

x(t) =U(t,0)x, + ll"(a)_[(:U(t,s)(t —5) f(s,x(s),j;u(t,s,x(s))ds)ds.

With the generalization of the Proposition 2.8 to three dimensions,
we have the following proposition.

Proposition 4.1: We assume that and assume the hypothesis (H,)
is satisfied and f satisfies a

H f(t’xny]) _f(t’xvyz) ”S L(H (xl’yl) _(xzﬂyz) H)a

for all (xl,yl),(xz,yz)eXXX, teR*, where L is a positive constant. Let
¢:R*>X and y:R*>X w-periodic limit, then the function F:R*>X defined
by F(t)=f(t,¢(t),y(t)) is w-periodic limit.

Proof: Since ¢ and are w -periodic limit functions, we have

lim@( + nw) = O(1), 3)

n—w

limy (¢ + nw) =¥ (1), (4)

n—w

for each teR*. On the other hand, we have
limf (z+nw,x,y) = g(t,x,), ©)

n—»w

for each t€R* and each (x,y)eK.

¢(t) and y(t) are bounded and by Proposition 2.1(d), ¢(t) and y(t)
are bounded, so we can choose a bounded subset K of X such that ¢(t),
@(1), w(t) and y(¢)eK for all teR*. Thus F(t) is bounded.

Let us consider the function G(t)=g(t,p(t),y(t)). Note that
| F(t+nw)—G@) ||| f(t+nw, @t + nw),y (t + nw)) — f (& +nw, (), VY ()) ||
+[| St +nw,®(@), ¥(1)) - g(t, D), ¥ (1) ||
<L (o +nw),p (t +nw) = (D), Y ) ||
+ | S+ nw, @), ¥(0)) — g(£,0(2), ¥ () II,
we deduce from eqns. (3)-(5):

limF (t + nw) = G(1),

for each teR, finished the proof.

The following result is a generalization from Lemma 3.1.

Corollary 4.1. We assume that H  is satisfied and feP L(R"xXxX,X)
then

J Appl Computat Math, an open access journal
ISSN: 2168-9679

Volume 8 « Issue 2 + 1000440



Citation: Maghsoodi S, Neamaty A (2019) Existence and Uniqueness of Asymptotically w-Periodic Solution for Fractional Semilinear Problem. J Appl

Computat Math 8: 440.

Page 5 of 5

t
v(t)= [U(t5)(t =) f (5,x(5), ¥(5))ds,
is in AP (R*,X) for teR".
Proof: we denote F(s)=f(t,x(t),y(s)). In view Proposition 4.1 if

%,€P L(R"X) then F e P,L(R",X). So we can provide the proof of
Lemma 3.1 for the new F.

Proposition 4.2: If the Banach space X is separable. Assume that
the hypotheses H, and H, are satisfied then for each x €X, the problem
(2) has at least one mild solution x in C(R*,X).

Using Corollary 4.1 and the generalization of Theorem 3.2, we have
the following theorem.

Theorem 4.3: We assume that X is separable Banach space and
the hypothesis (H,),(H,) and (H,) are satisfied. If 2mML <T'()5 ,
that J:u(t,s, x(s))ds <m then problemin eqn.(2) has a asymptotically
w-periodic mild solution.

Proof: By distribution of Theorem (3.2), we have

(A@)) = U (1,0)x, +I0(@) [ U(t,5)(t = )™ [ (5,0(5), [ u(s, 7, p(2))d7)ds

=U(t,0)x, + 1T (a)(\Y @)(2),
where

(F)O) = [U (5t =)™ f (5.0(5). [u(s.7.0(e)dT)ds,

and f(t,0),w(T)) e P,L(R",X). So according to the Corollary 4.1

the operator y maps AP, (R*,X) into itself. Therefore the operator A
maps AP, (R*,X) into itself.

We denote J’(:u(t,s,go(S))ds = I(¢p(s)) for short. We have

[ (A@)(®) = (Ay)@) =]l ll"(a)ﬂU(hS)(t =) (S (5.9() L(@(sN) =~ f (5. (). T (w (s))ds |
< IF(O!)J.(: NU@s) 2= £ (5,0() L (@) = f (s,0(5). L (s)) || ds

< LF(O!)]‘; IU @) =51 (9(). L (@) = (w(s) I (w () || ds

< LMT(@)[ exp | () = w(5), L(p(s) ~ 1w () || ds

<LMT@)exp™ | (p=v.1(0) = 1w) . ds

<LMT(a)(1-exp S|l (9—v. 1(@) = 1)),
SIMT(@)S || (p -y 1(@) = 1)) .. -
SIMT@)S @ =y LI (@) = 1) L. -
<2mIMT()S | o=y L.

Hence we have
lAp— Ay |.<2mLMTI(a)d || ¢ =y ||,

which proves that A is a contraction and we conclude that A has a
unique fixed point in AP (R*,X). the proof is complete.
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