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Introduction
The time-fractional Black-Scholes equation represents a significant 

advancement in the modeling of financial markets, incorporating the concept 
of fractional calculus to better capture the dynamics of financial instruments. 
Unlike the classical Black-Scholes equation, which assumes a constant 
volatility and continuous Brownian motion, the time-fractional Black-Scholes 
equation accommodates memory effects and anomalous diffusion, reflecting 
more accurately the observed behavior in financial markets. This leads to a 
more realistic pricing of options and other derivative securities [1].

Fractional calculus extends the traditional definitions of differentiation 
and integration to non-integer orders, enabling the modeling of processes 
that exhibit long-range dependencies and memory effects. In the context of 
the Black-Scholes equation, the introduction of a time-fractional derivative 
provides a means to account for the heavy tails and volatility clustering 
observed in asset returns. This extension is particularly useful for capturing 
the persistence and anti-persistence behaviors that are often seen in financial 
time series.

Description
Numerical methods for solving the time-fractional Black-Scholes equation 

have gained considerable attention due to the complexity and non-local nature 
of fractional derivatives. Among these methods, spectral methods stand out for 
their accuracy and efficiency, especially when dealing with problems involving 
smooth solutions and complex geometries. Spectral methods leverage the 
properties of orthogonal functions, such as polynomials or trigonometric 
functions, to approximate the solution of differential equations. These methods 
transform the problem into a system of algebraic equations, which can be 
solved efficiently using numerical linear algebra techniques.

The application of spectral methods to the time-fractional Black-Scholes 
equation involves several key steps. First, the problem domain is discretized 
using a suitable set of basis functions. Common choices for these basis 
functions include Chebyshev polynomials, Legendre polynomials, and Fourier 
series. The choice of basis functions depends on the specific characteristics of 
the problem, such as boundary conditions and the smoothness of the solution. 
For financial problems, Chebyshev polynomials are often preferred due to 
their superior approximation properties and the ability to handle boundary 
layers effectively [2].

Once the basis functions are chosen, the time-fractional Black-Scholes 
equation is projected onto these functions, resulting in a system of Ordinary 
Differential Equations (ODEs) in the spectral coefficients. This transformation 
exploits the orthogonality properties of the basic functions to simplify the 
problem. The next step involves the discretization of the time-fractional 

derivative. Various approaches can be used for this purpose, including the 
Grunwald-Letnikov, Riemann-Liouville, and Caputo definitions of fractional 
derivatives. The Caputo derivative is often preferred in financial applications 
due to its compatibility with initial conditions specified in terms of standard 
functions. The discretization of the time-fractional derivative typically results 
in a system of integro-differential equations, which can be challenging to 
solve. Spectral methods handle this complexity by converting the integro-
differential equations into a system of algebraic equations through the use 
of quadrature rules and appropriate time-stepping schemes. Implicit time-
stepping schemes, such as the backward Euler method and the trapezoidal 
rule, are commonly used to ensure stability and accuracy, particularly for 
problems with stiff dynamics.

One of the significant advantages of spectral methods is their spectral 
accuracy, meaning that the error in the numerical solution decreases 
exponentially with the number of basic functions used, provided the solution 
is sufficiently smooth. This property makes spectral methods particularly 
attractive for solving the time-fractional Black-Scholes equation, as financial 
markets often exhibit smooth price surfaces and volatility structures. However, 
achieving spectral accuracy requires careful attention to the implementation 
details, such as the choice of quadrature points and the handling of boundary 
conditions. The implementation of spectral methods for the time-fractional 
Black-Scholes equation also involves addressing practical issues related 
to computational efficiency and stability [3]. Efficient algorithms for matrix-
vector operations and the solution of the resulting system of linear or nonlinear 
equations are crucial for ensuring the method's practicality. Techniques such 
as sparse matrix representations, iterative solvers, and preconditioning are 
often employed to enhance computational performance. Additionally, parallel 
computing can be leveraged to further accelerate the solution process, 
particularly for large-scale problems encountered in real-world financial 
applications.

Spectral methods have been successfully applied to a wide range of 
problems in quantitative finance, demonstrating their versatility and robustness. 
For instance, they have been used to price European and American options, 
where the time-fractional Black-Scholes equation provides a more accurate 
reflection of market behavior compared to classical models. Spectral methods 
have also been employed to model the dynamics of exotic options, such as 
barrier options and Asian options, which involve path-dependent features and 
require sophisticated numerical techniques for accurate pricing [4].

The integration of spectral methods with other numerical techniques, 
such as finite difference methods and Monte Carlo simulations, has further 
expanded their applicability. Hybrid methods that combine the strengths of 
different numerical approaches can provide more robust and efficient solutions 
for complex financial problems. For example, spectral methods can be used to 
solve the time-fractional Black-Scholes equation in the spatial domain, while 
Monte Carlo simulations can handle the stochastic aspects of the problem, 
providing a comprehensive framework for option pricing and risk management 
[5].

Conclusion
In conclusion, the numerical solution of the time-fractional Black-

Scholes equation using spectral methods represents a powerful approach for 
modeling and understanding the dynamics of financial markets. The accuracy 
and efficiency of spectral methods make them well-suited for handling the 
complexities associated with fractional derivatives and the intricate behaviors 
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observed in financial time series. As research in fractional calculus and 
numerical methods continues to advance, spectral methods are likely to play 
an increasingly important role in quantitative finance, offering new insights 
and tools for the pricing and management of financial derivatives.
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